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Analysis of Ring-Stiffened Shells of Revolution under
Combined Thermal and Mechanical Loading

DAVID BUSHNELL *
Lockheed Palo Alto Research Laboratory, Polo Alto, Calif.

An energy formulation is used in conjunction with the method of finite differences for calcu-
lation of stresses, buckling loads, and vibration frequencies of complex shells of revolution.
The development is similar to that used in the finite element method and is ideally suited for
programing on the digital computer. Numerical results for stress and stability are obtained
for ring-stiffened cylinders and conical shells with combined mechanical and thermal loads.

Nomenclature
A = discrete ring cross-sectional area
Cij,[C] = constitutive equation coefficients [Eq. (6)]
di,d2 = radial, axial components of reference surface

discontinuity (Fig. 3)
E = Young's modulus

ei,ez ~ radial, axial components of discrete ring ec-
centricity (Fig. 2)

G = shear modulus
H = radial line load applied at discrete ring cen-

troid (Fig. 2)
h = finite-difference mesh spacing
/ = discrete ring moment of inertia (subscripted)
/ = discrete ring torsion constant
KA1,KA2,... = boundary condition designators for A end of

shell meridian
KB1,KB2,... = boundary condition designators for B end of

shell meridian
ra = shell mass/area
M = line moment applied at discrete ring centroid

(Fig. 2), bending moment resultants (sub-
scrip ted) (Fig. 1)

n = number of circumferential waves
N = in-plane stress resultants (subscripted)(Fig. 1)
P1,P2,P3 = pressure components (Fig. 1)
qi = dependent variables of energy
r = parallel circle radius (Fig. 1)
R — radius of curvature (subscripted)(Fig. 4)
s,S = arc length measured from point A
S = shear force/length applied to discrete ring axis

(Fig. 2)
IS] = stress vector [Eqs. (7) and (8)]
t = shell thickness
T = temperature rise above zero-stress state
TS)Tr = kinetic energy of shell, ring
u,u* = meridional, axial displacement (Figs. 1 and 2)
U8,Ur = strain energy of shell, ring
Upi,UP2 = potential energy of line loads, distributed load
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Uc — constraint "energy"
v,v* = circumferential displacement (Fig. 1)
V = axial line load applied to ring centroid (Fig. 2)
WjW* = normal, radial displacement (Figs. 1 and 2)
x,y = axis system attached to discrete ring centroid

.(Fig' 2)
2 = distance from reference surface, positive out-

ward (Fig. 1)
a = coefficient of thermal expansion
7 = rotation around normal [Eq. (11), Fig. 1]
e = reference surface strains (subscripted) [Eq. (10)]
[e] = strain vector [Eqs. (7) and (10)]
8 = strain, a function of 2 [Eq. (3)]
\i = Lagrange multipliers for constraint conditions
X = eigenvalue
K = reference surface changes in curvature [Eq. (10)]
£2 = eigenfrequency
t = rotation about meridian [Eq. (11), Fig. 1]
X = rotation of meridian [Eq. (11), Fig. 1]
p = discrete ring material density
a = normal stress
r = shear stress
0 = circumferential coordinate
v = Poisson's ratio

Subscripts

c — ring centroid
i = ith mesh point
min,max = minimum, maximum
n = circumferential wave number, also with respect to

axis normal to shell meridian
o = prebuckling quantity
p = polar
r = ring quantity
s = shell, or with respect to axis parallel to shell mer-

idian
,t = differentiation with respect to time
x,y,xy — with respect to x-y system (Fig. 2)
0 = prebuckling quantity
1,2 = meridional, circumferential directions
12 = shear, twist

Superscripts

T = transpose, thermal effect
+,— = meridional discontinuity (Fig. 3)
( )' = differentiation with respect to 0
( )' = differentiation with respect to arc length s
* = axial, radial system (u*,w*, for example; Figs. 2

and 3)

Introduction

DURING the past few years the author has been develop-
ing a computer program for the general analysis of com-

plex shells of revolution. A series of papers has been pub-
lished which describe computer programs called BOSOR,
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Fig. 1 Shell element with displacements, rotations,
forces.

BOSOR 2, and BOSOR 3. These programs represent in-
creasingly improved and more general analyzers for complex
shells of revolution; each program in the BOSOR series
supersedes the previous programs. The BOSOR 3 code is the
latest in the series. The purposes of this paper are to present
the analysis on which the BOSOR 3 code is based and to re-
veal some numerical results involving combined thermal and
mechanical loading of ring-stiffened cones and cylinders. The
research on thermally loaded cones and cylinders was moti-
vated by the need for a method of predicting buckling loads
for re-entry body type shells submitted to combined tempera-
ture and pressure.

Portions of most re-entry vehicles are shell structures.
They may be composed of multiple layers of orthotropic ma-
terial, the properties of which depend on the temperature.
The shell may be reinforced by ring stiffeners placed at inter-
vals along the length. During re-entry, a vehicle is subjected
to a severe thermal environment as well as dynamic pressure
and inertia loads due to deceleration. The combination of
thermal stress, stress from the dynamic loads, and degradation
of the material properties with increasing temperature may
cause material failure, buckling, or a combination of these
failure modes.

Large stresses are generated in particular by differential
heating rates of shell and ring stiffeners. During the initial
phase of re-entry the shell heats up rapidly whereas the rings
remain relatively cool. Later on, the shell may cool faster
than the rings, thereby causing a reversal of the thermal
stresses and possible low-cycle fatigue failure. Buckling of
the shell in the neighborhood of the rings can occur if the skin
heats up before the rings. The cool rings prevent the shell
from expanding locally, and the resulting hoop compression
in the shell may cause it to buckle. In the reverse situation,
shell cool and rings hot, the shell prevents the rings from ex-
panding, thereby giving rise to hoop compression in the rings,
which could initiate general instability of skin and rings to-
gether.

In the light of the preceding comments, any analysis of a re-
entry body for stress and stability should include the effects of
material expansion, temperature dependence of the material
properties, and discrete ring stiffeners. Since the tempera-
ture will sometimes vary rapidly through the thickness of the
re-entry vehicle shell, the analysis must permit variation of
wall properties through the thickness. These properties must
be calculated for each temperature distribution. In the
BOSOR 3 program integrated shell wall stiffness coefficients
are obtained by interpolation from stored tables of tempera-
ture-dependent material properties.

To date, most of the work in thermal buckling applies to
isotropic cylindrical shells with temperature-independent
material properties. Hoff1 has clearly discussed the various
aspects of the thermal buckling problem from the points of
view of the effect of temperature on the material properties
and the effect of creep. Abir and Nardo2 treat the thermal
buckling problem for cylinders under circumferential tem-
perature gradients. They find that the critical value of the

axial compressive thermal stress does not differ much from the
critical stress when the cylinder is subjected to uniform axial
compression, provided the variation of the intensity of the
thermal stress within one-half wavelength of the buckle
pattern is not large. Ross, Hoff, and Horton3 performed
experiments to determine the buckling behavior of uni-
formly heated thin cylinders clamped at the edges. They de-
termined that for their specimens the buckling stresses are the
same whether the loading is thermal or mechanical. Thermal
buckling of conical shells has been studied with linear theory
by Lu and Chang in Ref. 4 and with nonlinear theory by
Chang and Lu in Ref. 5. The material properties are taken
to be independent of the temperature in their analyses.
Nonlinearities arise from large deflections rather than from
temperature dependence of material properties.

A number of papers has been written on the thermal buck-
ling of ring-stiffened cylinders. Hoff6 calculates buckling
loads for cylinders under hoop stresses which vary in the axial
direction. These hoop stresses could represent thermal
stresses in cylinders with discrete ring stiffeners which are at a
lower temperature then that of the shell wall. Hoff gives an
example involving a simply supported, uniformly heated
cylinder. Anderson7 and Johns8 review theoretical and ex-
perimental investigations of the buckling of ring-stiffened
cylinders due to both axial and circumferential thermal
stresses. In all of these analyses, it is assumed that the shell
is hot and the rings are cold. There is apparently no analysis
for the reverse case—cold shell, hot rings.

Thermal expansion effects are included in computer pro-
grams for the analysis of general shells of revolution written
by Cohen,9 Kalnins,10 and Witmer et al.11 Temperature-
dependence of material properties is not included in these
analyses; however, Stern12 has written a computer program
for calculation of stresses and displacements in elastic-plastic
shells of revolution with temperature-dependent properties.
He does not include discrete ring stiffeners nor perform a
buckling analysis.

The present analysis forms the basis of a computer program
called BOSOR 3 for the calculation of stress, stability, and
vibration of segmented, ring-stiffened shells of revolution with
temperature-dependent material properties. This program is
documented in Ref. 13. In this paper the general analy-
sis is given, and numerical results are presented which
apply to ring-stiffened shells submitted to combined me-
chanical and thermal loads.

Analysis

Introduction

The BOSOR 3 program13 represents the codification of
three distinct analyses: 1) a nonlinear stress analysis for
axisymmetric behavior of axisymmetric shell systems,
2) a linear stress analysis for axisymmetric and nonsymmetric
behavior of axisymmetric shell systems submitted to axisym-
metric and nonsymmetric loads, and 3) an eigenvalue analysis
in which the eigenvalues represent buckling loads or vibration
frequencies of axisymmetric shell systems submitted to
axisymmetric loads. (Eigenvectors may correspond to
axisymmetric or nonsymmetric modes.)

An energy formulation is used in conjunction with the
method of finite differences. An algebraic form for the total
potential and kinetic energy of the system is derived through
extensive use of matrix algebra. The development is similar
to that used in the finite element method and is ideally suited
for programing on the digital computer. Other investiga-
tors14"17 have also based their analyses on energy minimiza-
tion in which the displacement derivatives appearing in the
kinematic relations are replaced by appropriate finite differ-
ence forms. The principal advantages for use of finite
differences with energy minimization rather than equilibrium
equations are ease of programing of cases involving complex
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geometries and symmetry of matrices of coefficients of govern-
ing equations.

The independent variables of the analysis are the arc length
s measured along the shell reference surface and the circum-
ferential coordinate 6 (Fig. 1). The dependent variables are
the displacement components u, v, and w of the shell wall
reference surface. The numerical analysis is based on the
finite-difference method, so that in the computer program the
dependent variables are the displacement components Ui, vi}
and Wi at discrete points (mesh points) on the shell reference
surface.

For the three analyses just listed, it is possible to eliminate
the circumferential coordinate 6 by separation of variables:
in the nonlinear stress analysis, 6 is not present; in the linear
stress analysis, the nonsymmetric load system is expressed as
a sum of harmonically varying quantities, the shell response
to each harmonic being calculated separately; and in the
eigenvalue analysis the eigenvectors vary harmonically
around the circumference. Thus, the 8 dependence (where
applicable) is eliminated by the assumption that u(s,6),
v(s,0), w(s,6) are given by un(s) sinn0, vn(s) cosn0, wn(s)
smnB, or by un(s) cosn0, vn(s) sinn0, wn(s) cosnd. In the
following analysis, the first three harmonically varying dis-
placement components correspond to values n > 0; the last
three to n < 0.

The advantages of being able to eliminate one of the inde-
pendent variables cannot be overemphasized. The number
of calculations performed by the computer for a given mesh
point spacing along the arc length s is greatly reduced, leading
to significant reductions in computer time. Because the
numerical analysis is "one-dimensional" a rather elaborate
composite shell structure can be analyzed in a single"pass"
through the computer. The disadvantage is, of course, the
restriction to axisymmetric structures.

Energy Formulation
The analysis is based on energy minimization with con-

straint conditions. The total energy of the system involves
1) strain energy of the shell segments U8, 2) strain energy of
the discrete rings Ur, 3) potential energy of the applied line
loads and pressures UP, 4) kinetic energy of the shell segments
TS) and 5) kinetic energy of the discrete rings Tr. The
constraint conditions Uc arise from 1) displacement conditions
at the ends of the composite shell, and 2) compatibility condi-
tions between adjacent segments of the composite shell.

These components of energy and the constraint conditions
are initially integro-differential forms. They are then written
in terms of the shell reference surface displacement com-
ponents Ui, Vij and Wi at the finite-difference mesh points and
Lagrange multipliers X;. The integration is performed
numerically by the trapezoidal rule. Now an algebraic
form, the energy is minimized with respect to the discrete
dependent variables.

In the nonlinear stress analysis the energy expression has
terms linear, quadratic, cubic, and quartic in the dependent
variables. The cubic and quartic terms arise from the "rota-
tion-squared" terms which appear in the constraint conditions
and in the kinematic expressions for reference surface strains
€1, €2, and €12. Nonlinear material properties (plasticity) are
not included in the analysis. Energy minimization leads to a
set of nonlinear algebraic equations which are solved by the
Newton-Raphson method. Stress and moment resultants
are calculated in a straightforward manner from the mesh
point displacement components through the constitutive
equations (stress-strain law) and kinematic (strain-displace-
ment) relations.

The results from the nonlinear axisymmetric stress analysis
are used in the eigenvalue analyses for buckling and vibra-
tion. The "prebuckling" or "prestress" meridional and
circumferential stress resultants NIQ and A^o and the meridi-
onal rotation %0 appear as known variable coefficients in the
energy expression which governs buckling and vibration.

This expression is a homogeneous quadratic form. The
values of a parameter (load or frequency) which render the
quadratic form stationary with respect to infinitesimal varia-
tions of the dependent variables represent buckling loads or
natural frequencies. These "eigenvalues" are calculated
from a set of linear, homogeneous equations.

The same linear "stability" equations, with a "right-hand-
side" vector added, are used for the linear stress analysis of
axisymmetrically and nonsymmetrically loaded shells. The
"right-hand-side" vector represents load terms and terms due
to thermal stress. The variable coefficients Nw, NW, and
Xo mentioned above are zero, of course, since there is no non-
linear "prestress" analysis.

Energy Components and Constraint Conditions

The various components of the energy (Us,Ur,Up,TS)Tr) and
the constraint conditions Uc are derived in this section.
Variable names are defined in the nomenclature. The energy
is derived for a typical shell segment and for a typical discrete
ring. The total energy is obtained by summation over all
shell segments and all discrete rings.

Shell strain energy
A shell segment is shown in Fig. 1. The strain energy in

the shell wall is

+ r^rdzddds
(1)

U, = ^SsSeSz { 0-1 (81 -aiT) + 0-2(£2 -

for an orthotropic wall
•
En EIZ 0
Eu E22 0
0 0 G

Si - a,r)
(2)

If "normals remain normal" and undeformed (a classical thin
shell theory approximation), the strains as functions of the
thickness 81(2), 82(2), and 812(2) can be expressed in terms of
reference surface strains ci, €2, and €12 and changes in curva-
ture xi, #2, and xizj thus

81 = €1 — S2 = €2 — Si2 = €12 + (3)

It is convenient to perform the z integration in Eq. (1) at this
point. The following definitions of stress and moment re-
sultants are required:

(4a)
dz (4b)

These stress and moment resultants are shown in Fig. 1.
Substitution of Eqs. (2) withEqs. (3) intoEqs. (4) gives:

Cn Ci2 0 Ci4 Ci5 0

M2
Mi,

C r*12 ^22

0 0
Ci4 C24

Ci5 C25

0 0

0 C24 C25
C33 0 0
0 C/44 (745
c\ c* f^

C36 Q45 O55

0

0
0

X

€1

€2

€12

2*12 0

(5)

in which

Cn = fEndz Cia = C14 = -fEnzdz (6a)
C24 = -fEuzdz (6b)

(725 = -fE^zdz C33 = fGdz C36 = fGzdz (6c)

66 = fGz*dz C44 = fEuZ*dz C45 = fE^dz (6d)
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-She l l Reference Surface

Fig. 2 Discrete ring with centroidal displacements,
forces.

C55 = fE,^dz NS = -S(EnalT + E^a^dz (6e)
(6f)

(6g)

(6h)

The thickness coordinate z is measured from the reference
surface outward. The integrations through the thickness in
Eqs. (6) can be performed explicitly for layered shells with
material properties constant through the thickness of each
layer, or numerical integration can be performed (e.g.,
Simpson's rule) for layered shells with temperature-dependent
material properties. In BOSOR 3 a program branch is pro-
vided in which the C»y are calculated from numerical integra-
tion in which the integrands are machine-derived by means of
automated interpolation of "raw" tabular input data Ei(i,T),
E*(i,T), vu(i,T), G(i,T), ai(i,T), a*(i,T), i = one to maximum
number of layers of shell wall. The shell energy U9 in Eq. (1)
can now be written in the form

= $ fsfe C(T)]rddds (7)

in which

[S] = W

and C(T) is a function of the shell parameters and temperature
rise only. Therefore it can be dropped. Since

T (8a)

(8b)

(8c)

substitution of Eq. (8) for [S] and the dropping of C(T) in
Eq. (7) leads to

V. = kSsSe [[e][C]{e] + 2[NT]{e}]rd6ds

The strain-displacement relations are

€l
€2

€12
Xi

*2
2*12

u' + w/R1 + i(x2 + 72)
v/r + ur'/r + w/R2 + JOA2 +
U/r + r(v/r)' + xt

"x/
t/r + r'x/r
2(-x/r + r't/r + w'/A)

72)

(9)

(10)

in which

x = w' - U/R1} $ = w/r - V/R2 (lla)

7 = i(^/r - t;' - r'tyV) (Hb)

Dots indicate differentiation with respect to 6', primes indi-
cate differentiation with respect to s. Positive values of
u, v, w, x, t, and 7 are shown in Fig. 1. The quantities RI and
Rz are the meridional and normal circumferential radii of
curvature.

Discrete ring strain energy

Figure 2 shows a ring cross section with displacements
uc, vC) wc, x °f the centroid and applied loads V, S, H, M.
The centroid and the shear center are assumed to coincide
and plane normal sections are assumed to remain plane and
normal during deformations. In the absence of warping, the
ring strain energy is given by

(12)

(13)

Ur - (fe/2) fefA ov(Sr - arT)dAdd +
%(GJ/rc) fe (x

The ring hoop stress is given by

(Tr = Er(&r ~ OirT)

The hoop strain Sr can be expressed as a function of strain of
the centroidal axis plus terms due to in-plane and out-of-plane
curvature changes xx and xy, respectively:

8r = er - xxx + yxy (14)

Substitution of Eqs. (14) and (13) into Eq. (12), integration
over the ring area, and the dropping of the term which con-
tains only ring parameters and temperature, leads to the
following expression for the ring energy:

= (rc/2) fe - 2xxxyEIx

2[erNrT - x

in which

. (15)

(16a)

(16b)

(17a)
(17b)

(17c)

(17d)

(17e)

MXT = -fErdr

and the ring kinematic relations are

er = vc/rc + wc/rc + |(^c» + To2)

x* = &/rc

*y = - TcAc + X/rc

to = (wc - vc)/rc

To = uc/rc

Potential energy of mechanical loads

Two types of loads are permitted in the analysis: line
loads and moments V, S, H, and M, which act at ring centroids
and at shell segment boundaries, and surface tractions pi} pz,
and pz. These loads are shown in Figs. 1 and 2. The po-
tential energy associated with line loads at a given ring station
is

Upi = -fe (~ Vuc + Sve + Hwc + Mx}rcdd (18)

The potential energy associated with the surface tractions is

UP2 = - fsfe (piu + p2v + psw)rddds (19)

Kinetic energy of shell segment

The kinetic energy of the shell segment is given by

Ts = \ fsfe m(u^ + v,? + w,?)rddds (20)

in which ( ),£ denotes differentiation with respect to time.
The shell rotatory inertia is neglected.

Kinetic energy of discrete ring

The kinetic energy of a discrete ring stiff ener is given by

Tr = Pr(rc/2)fe[A(uc>t* + vc,t* + wc,f) +
IpX,? + Istc,? + Injc.f - 2Isntc,tyc,t]dO (21)
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in which Ip, IS) In, Isn are cross-sectional area moments of inertia
relative to axes normal and tangential to the shell meridian at
the ring attachment point. In the case of harmonic os-
cillations, the differentiations with respect to time are re-
placed by a factor ft, which is a frequency parameter.

Constraint conditions

Figure 3 shows a meridional discontinuity between two
adjacent shell segment reference surfaces (3a) and discon-
tinuities at shell edge support points "A." and "B" (3b). The
compatibility conditions for the juncture are

t*+ = u*- = V" +

in which

= - (dlX

At;* = -(di + Aw*)(w*- - w*-)/r- -

Aw* - d2X - 4

(22a)

(22b)

(23a)

(23b)

(23c)
The constraint conditions (22) arise from the requirement that
the motion of point D relative to point C (Fig. 3) involves no
deformation of a line joining C and D and continuous rotation
X- At a support point the terms w*+, v*+, and w*+ in Eqs.
(22) are zero if the appropriate boundary condition integers
KA1, KA2, etc., and KB1, KB2, etc. (see below), are equal
to unity. The constraint conditions (22) are incorporated
into the total system energy by the introduction of four
Lagrange multipliers AI, A2, AS, and \4 for each edge support
and each segment juncture. Thus, the "energy of con-
straint" corresponding to each juncture has the form

ue =
u*+ — u*~ — AM*
£,*+ _ „*- _ ^*
w*+ — w*~ — Aw*
X+ - X"

(24)

At the shell ends the constraint conditions have the following
forms: at "A"

Ue =

at "B"

Uc

-u*
-»*•
-w*
-X"

— w*~
-X

- Aw*

— Au*
— Ay*
— Aw*

(25)

Variable Transformations

The components of energy of the system are represented by
the shell strain energy Us [Eq. (9)], the strain energy of a
discrete ring Ur [Eq. (15) ], the potential energy of line loads
Upi and surface tractions Up2 [Eqs. (18) and (19)], the shell
kinetic energy Ts [Eq. (20)], and the discrete ring kinetic
energy Tr [Eq. (21)]. The constraint conditions Uc are
given by Eqs. (24) and (25).

It is desired to express all energy components in terms of the
shell reference displacements u, v, and w. The displacements
uc, vc, and wc of the ring centre id (Fig. 2), which appear in
Eqs. (15,17,18, and 21), are given by

uc = u* + Au* vc = y* + Ay* wc = w* + Aw* (26)

The quantities A^*, Ay*, and Aw* are given by Eqs. (23) with
di and d% replaced by e\ and e%, the ring eccentricity compo-

SECTION AA

b)

Fig. 3 Geometry for constraint conditions: a) Shell
reference surface discontinuity, b) support points.

nents (Fig. 2), and u* w*^, r~ replaced by the dis-
placement components and radius u*, v*, w*, r which cor-
respond to the ring attachment point. The axial, circum-
ferential, and radial displacement components u*, v*, and w*,
which appear in Eqs. (22-26), are given by

u* = ur/Rz — wr' v* = v w* = w' + wr/R^ (27)

Equations (26) and (27) can be used to eliminate uc, vc, wC)
u*, v*, and w* from the energy components and constraint
conditions. The dependent variables are then u, v, w and the
Lagrange multipliers Xi, A2, As, and \±.

The total energy in the system is obtained by summing over
all shell segments, discrete ring stiffeners, and junctures.

Separation of Variables

The dependent variables u, v, and w are functions of arc
length s and circumferential coordinate 6. The 6 dependence
can be eliminated from the analysis by the assumption that

u(8,0) = u0(s) + £]

s,0) = ^ vni(s)

w(s,6) = w0(s)

cosnfl

(28)

cosn0

The temperature distribution, surface tractions and pressures,
and thermal and mechanical line loads have similar expan-
sions, which are given explicitly in Ref. 18.

If the expressions (28) were inserted into the energy com-
ponents just derived, all the harmonics would couple in
the analysis, since the kinematic relations (10, 17, and 23) are
nonlinear.

In .the analysis, large deflections are permitted in the
axisymmetric components, but the nonsymmetric harmonics
are considered to be small. The various harmonics do not
couple, and a solution for each un(s), vn(s), and wn(s) can be
obtained with the circumferential wave number n appearing
as a parameter in the analysis. The 6 integration indicated
in Eqs. (9, 15, and 18-21) is replaced by a factor of TT for
n T± 0 and 2?r for n = 0. In a linear stress analysis for non-
symmetrically loaded shells, the static response of a shell to
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CLAMPED EDGE

u*+, v*+,w*t X at D

u*~, v*~,w*~, x" at C

Fig. 4 Shell meridian with
finite-difference model:
a) shell with two segments,

b) finite-difference model.

b)

arbitrarily varying loads is obtained by superposition. (In
this case, even the axisymmetric components are assumed to
be small.) In buckling and vibration analyses the "small"
deflections uni, vni, wni, un2, vn^ wnz are considered to be
kinematically admissible variations from the "prebuckled" or
"prestressed" axisymmetric state represented by the large
deflections u0(s) and WQ(S) in Eqs. (28). The u0(s) and w0(s)
are determined in the nonlinear stress analysis portion of the
analysis.

In the linear analysis for nonsymmetric behavior and in the
buckling and vibration analyses, the second summations in
Eqs. (28) can be represented by negative values of the wave
number n. Positive values of n correspond to the first
summations. In the remainder of this section the subscripts
( )ni and ( )n2 will be dropped. It is emphasized that the
analysis and computer program are valid for negative values
of n.

Finite Difference Scheme

The 6 dependence has been replaced with a parameter n,
so that only one independent variable remains- — the arc
length s. Figure 4a shows a shell meridian of two segments,
and Fig. 4b shows the finite-difference model. The con-
tinuous variables u(s), v(s), and w(s) are replaced by discrete
variables Ui, Vi, and Wi. The Ui and v* occur at stations mid-
way between the w^ This arrangement of discrete variables
has been determined to be superior to an arrangement in
which Ui, Vi, and Wi correspond to displacement components
at a single point. Detailed comparisons between the two
schemes are given in Ref. 19. The energy is evaluated at the
mesh points where the Wi are located. The displacements
and the s derivatives required in the energy are

u = (m + Wi-i)/2, v
u' = (ut - Ui-i)/h, v'

fa + Vi-i)/2 (29a)
(vt - Vi-i)/h (29b)

w w — Wi~i)/2h,
w" = (wi+i - 2wi + /h2 (29c)

in which h is the mesh point spacing.
The s integration indicated in Eqs. (9, 19, and 20) is per-

formed numerically by the trapezoidal rule.
With the substitution of Eqs. (28) in the various energy

components and constraint conditions, the replacement of
s derivatives by Eqs. (29), the replacement of time derivatives
by a frequency parameter, and the numerical integration over

s and exact integration over 6, the system energy and con-
straint conditions are now represented by an algebraic form
which contains as dependent variables ui} Vi, and Wi and the
Lagrange multipliers Xi, A2, A3, and \4 (for each juncture and
boundary). The algebraic form also contains as parameters
the shell and ring properties, the loads and temperature, and
the frequency parameter fi.

Stress, Buckling, and Vibration Analyses

In the nonlinear stress analysis only the axisymmetric
components of the load are considered and only UQ (s) and
w0(s) in Eqs. (28) are nonzero. Terms linear through quartic
appear in the algebraic form for the total energy. The
simultaneous nonlinear algebraic equations obtained by
energy minimization are solved by the Newton-Raphson
method. A complete description appears in Ref. 18. The
coefficient matrix for each iteration is symmetric and is
strongly banded about the main diagonal. The bandwidth is
9 elements except at shell segment junctures where it is 15.
Such narrowly banded systems can be solved in a matter of
seconds of computer time. For example, a case with 225
degrees of freedom requires somewhat less than about 2 sec
per iteration with double precision on the UNIVAC 1108
computer. The number of iterations required depends on
how nonlinear the problem is. Generally, less than about
five iterations are needed for convergence at a given load
level.

In the computer program BOSOR 3 (see Ref. 13), the con-
vergence criterion is that successive values of all UM, Wi0
greater than a tenth of the largest displacement be different
by less than 0.1% of their absolute values. The starting-
vector for the first iteration and the first load value is zero,
which means that the first solution represents the linear
theory solution. The starting vectors for the first iterations
at subsequent load values are the converged solutions ob-
tained at the loads immediately preceding the current load.
Once the displacements UiQ and w;0 have been calculated, the
stresses are obtained in a straightforward manner by means
of Eqs. (10) and (5).

In the buckling and vibration analyses the symmetric and
nonsymmetric displacement components contained in the
summations indicated in Eq. (28) are considered to be in-
finitesimal, kinematically admissible variations of the dis-
placements from the "prebuckled" or "prestressed" state
obtained in the nonlinear stress analysis described above.
Since the "buckling"- displacements un, vn, and wn are in-
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finitesimal, one need only retain linear terms in un, vn and
wn in the kinematic relations and constraint conditions.
However, it must be remembered that the displacements and
rotations in Eqs. (10-26) represent the total displacements
from the undeformed state. Hence, cross-product terms such
as wQwn obtained by insertion of Eqs. (28) [with the use of
Eqs. (lla) and (29)] into Eqs. (10), for example, must be
retained. The energy minimization in the buckling and
vibration analyses is performed with respect to un, vn, wn and
the Lagrange multipliers. The prebuckling quantities
UQ and WQ do not vary during buckling or vibration but are
simply parameters of the shell system.

The buckling and vibration analysis is described in detail
in Ref. 19, and this description will not be repeated here.
It is sufficient to point out that the energy expression on which
the numerical analysis is based is a homogeneous quadratic
form. The form is stationary with respect to the dependent
variables u, v, w and the Lagrange multipliers X for certain
discrete values of a parameter—the so-called eigenvalues.
In the BOSOR 3 program the eigenvalue parameter can be a
load or load ratio, a temperature, or a frequency.

The linear stress analysis is based on the same equations as
the stability and vibration analysis, except that the "pre-
stress" terms which appear in the stability and vibration
quadratic form are not present, and the energy functional is
not homogeneous, since a "right-hand-side" vector is non-
zero. This vector arises from the thermal terms in Eqs. (9)
and (15) and the load terms in Eqs. (18) and (19). The
thermal and mechanical loads are distributed circumferen-
tially as given in Eqs. (29) of Ref. 18.

Numerical Results

The BOSOR 3 computer program,13 which is based on the
above analysis, was used to calculate stresses and buckling
loads for ring-stiffened shells submitted to mechanical and
thermal loads.

Simply-Supported Cylinder

One of the test cases for checking the BOSOR 3 program
involved buckling of a simply supported cylinder (Ni, v, w,
Mi = 0 at both ends) subjected to a uniform temperature
rise. Buckling, if any, is caused by the hoop compressive
stresses which exist in the "boundary layers" near the end
supports of the heated cylinder. There is no prebuckling
axial compression, since the cylinder is free to expand in the
axial direction. The cylinder geometry and material proper-
ties are those assumed by Hoff in Ref. 6: E = 29 X 106 psi,
v = 0.3, a = 7.2414 X 10-6/°F, length = 3.14 in., radius -
10.0 in., and thickness = 0.0331 in. The following results
were obtained:

1) With prebuckling rotations %o and rotations-squared
Xo2 neglected in the stability analysis, good agreement is
obtained with the results presented in Ref. 6 with the same
simplifications. The prebuckling hoop stress distribution
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Fig. 6 Inner fiber stresses for external pressure p — 30 psi
and axial compression NI = 2047 lb/in.; skin or rings at

300°F; cylinder shown in Fig. 5.

agrees very well with that of Ref. 6, as well as the buckling
temperature and corresponding circumferential wave number

Fig. 5 Ring-stiffened cylinder.

2) With prebuckling rotations %o included, but rotations-
squared xo2 neglected in the stability analysis, the calculated
Tcrit is 410°F with n = 28 circumferential waves.

3) With linear and quadratic terms in prebuckling ro-
tations xo included in the stability analysis, it is concluded
from the calculations that there is no buckling under the
conditions set forth above. For increasing values of tem-
perature, the stability determinant increases monotonically
without any change in sign.

Because of these rather unexpected results, the author asked
Fulton20 and Cohen21 to run this case with their computer
programs for the three types of approximations enumerated
above. The same results were obtained in all cases. It ap-
pears that the calculated buckling temperatures are par-
ticularly sensitive to prebuckling meridional rotations be-
cause these rotations assume their maximum values in the
same regions where the destabilizing hoop compression is
large — near the edges of the cylinder. It appears probable
that the failure of BOSOR 3 to predict buckling in this case is
caused by the restriction of the theory to "moderate" pre-
buckling rotations.

Simply- Supported, Ring- Stiffened Cylinder

Figure 5 shows a ring-stiffened aluminum cylinder, simply
supported at the ends. The cylinder is submitted to axial
compression, external pressure, and various temperature
distributions. The axial compression NI and external pres-
sure p are assumed to act proportionally such that pr/Ni =
0.54. The following cases are presented: 1) 300°F tem-
perature rise in skin above zero-stress temperature and rings
"cold," 2) 300°F temperature rise in rings and skin "cold,"
3) 300°F temperature rise in both rings and skin, and 4) both
skin and rings "cold."

Figure 6 shows the inner fiber meridional and circumferential
stress distributions for Cases 1 and 2 with the external pres-
sure p = 30 psi and axial compression NI = 2047 lb/in.
Notice the high stresses near the simply supported edges due
to the radial restraint imposed on the hot shell by the end
supports.
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Table 1 Buckling loads p for ring-stiffened cylinder with combined axial compression and external pressure
such that pr/Ni = 0.54

Circum-
ferential wave

number n

6
8

10
12
14
16
18

Case
Skin at 300°,

Pi
56.6
29.7
28. 5a

32.0
32.5
31. 5a

32.1

1
rings cold

P2

58.8
56.6
47.5
39.7
36.5
36. 4a

37.4

Case 2
Skin cold,

Pi

51.9
26.5
25. Oa

27.9
26.3
25.9°
27.5

rings at 300°

P2

58.7
51.9
38.5
31.4
31.0
30. 4a

31.4

Case 3
Skin and

Pi
49.8
30.3
28. Oa

31.2
31.6
30. 8a

31.7

rings at 300°

P2

55.1
53.0
47.4
39.0
36.0
36. Oa

37.2

Skin

Pi
54.9
26.5
25. 2a

28.3
26.7
26. 2a

27.7

Case 4
and rings cold

P2

56.8
54.6
38.7
32.1
31.7
30. 8a

31.6

These values shown in Table 2.

Table 2 Critical buckling loads p corresponding to various modes

Buckling mode
1 Case 2 Case 3

Skin hot, rings cold Skin cold, rings hot Skin and rings hot
Case 4

Skin and rings cold

General instability
(n = 10 waves)

First bay predominates
(n = 16 waves)

Second bay predominates
(n — 16 waves)

28.5

36.4

31.5

25.0

25.9

30.4

28.0

36.0

30.8

25.2

26.2

30.8

Tables 1 and 2 and Fig. 7 give buckling loads and mode
shapes corresponding to the four cases described previously.
In Table 1, two eigenvalues (Pi, P2) are given for each circum-
ferential wave number. Two eigenvalues were calculated for
each n rather than just the lowest in order to obtain a more
complete physical understanding of the local buckling phe-
nomenon. Notice that the lowest eigenvalues Pi(ri) have two
minima with wave number n. The minimum at n = 10
waves corresponds to general instability. The minimum at
16 waves corresponds to either the first or the second bay
predominating in the buckling mode, depending on the
temperature distribution. (The first bay is nearest the top
of the cylinder in Fig. 5.) The eigenvalues correspond in
general to three types of buckling: buckling due primarily to
the axial component of the load system, general instability
due primarily to the pressure, and local instability of the bays
between the rings. Typical mode shapes corresponding to
these types of buckling are shown in Fig. 7 for Case 4 (cold
shell and rings).

The following summary emerges from a study of the data
in Tables land 2:

+1.0

-1.O
0

5 -1-0
+ 0.5

_j

i oi
-0.5

-1.0

\
= 58.0

n =9
Pcr= 24.

= 16
r = 26.2

10 20
ARC LENGTH, s - inches

Fig. 7 Buckling mode shapes corresponding to top) axial
component of load, center) pressure (general instability),

bottom) pressure (local instability of first bay).

1) The critical buckling mode for this geometry and
mechanical load combination is general instability, and the
critical load system (p, Ni) is not too strongly dependent on
the temperature distribution (pcr increased from 25.2 to 28.0
psi when shell is heated).

2) Buckling modes corresponding to local instability
(n = 16 waves) depend on the temperature distribution.
The most significant effect is the "strengthening" of the first
bay due to heating the skin (first bay critical pressure in-
creased from 26.2 psi to 36.0 psi, Table 2).

3) The critical pressure of the second bay (30.4 to 31.5
psi) is almost independent of the temperature distribution.

4) Whether the rings are hot or cold makes little difference
for this geometry. The skin temperature is far more im-
portant.

The following conclusions can be drawn from the above four
observations:

1) The boundary restraints at the ends of the shell cause
the most significant changes in buckling behavior with change
in temperature distribution.

2) The effect of boundary restraint depends on the length
of the shell participating in the buckling deformations. Note
that with general instability the effect is relatively small
(pcr changes from 25.2 to 28.0 psi), but that with local in-

SIMPLIFIED MODEL OF
VIEW AA

Fig. 8 Ring-stiffened conical shell as analyzed with the
BOSOR3 computer program.
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Table 3 Buckling pressures in pounds per square inch for
ring-stiffened conical shell shown in Fig. 8 (where

applicable, temperature difference between skin
and rings is 330°F)

PRESSURIZED; HEATED SKIN; COLD RINGS

Temperature distri-
bution between shell
and discrete rings

Cold skin, cold rings
Hot skin, hot rings
Cold skin, hot rings
Hot skin, cold rings
Cold skin,& hot rings
Cold skin,& hot rings
(Shell assumed to

tear at beginning
of Segment 3 under
prebuckling
stresses)

Analytical model used
Actual

end

81.8(2)a

81.8(2)
78.5(2)
85.7(2)
58.1(2)
18.4(2)

View
A-A

71.1(6)

70.2(6)
73.7(6)
69.8(6)

Simpli- View
fied end A-A
44.0(2)

58.7(2)

Numbers in parentheses are circumferential buckling waves.
Temperature increasing from beginning to end of Segment 6.

stability of the first bay, the effect is rather large (pcr changes
from 26.2 to 36.0 psi as the shell is heated).

3) The "stabilizing" effect of prebuckling meridional rota-
tions xo due to heating of the shell is more important in
this case than is the "destabilizing" effect of hoop compression
in the immediate neighborhood of the edges. When the shell
is heated, it "bulges" out. The positive curvature thus
created near the end supports serves to strengthen the shell as
far as buckling under external pressure is concerned.

Study of Aluminum Ring-Stiffened Conical Shell

Figure 8 shows a ring-stiffened aluminum conical shell which
was submitted to external pressure and heated. The inte-
grated pressure was reacted at the small end of the cone.
The tests were performed by Avco Corporation.22 Two tests
were conducted, a test involving external pressure only and a
test involving both pressure and heating. Without thermal
effects, the specimen survived a pressure of 60 psi without any
visible damage, but it failed at 34 psi when heated to 400°F.
The failure occurred suddenly when the heat sources (lamps)
were extinguished.

Two models were analyzed, one in which the large end of
the structure (View AA) is shown as "Simplified Model at
View AA" and the actual geometry "View AA." The
presence of four rather rigid meridional stiffeners in Segments
5 and 6, spaced at 90° around the circumference is neglected
in the analysis. This simplification will be justified below.

Figure 9 shows meridional stresses for two temperature
distributions in the conical shell with the "simplified" end.
The external pressure is 30 psi and the temperature difference
between skin and rings is 330°F. The maximum stresses
occur at the beginning of Segment 3 adjacent to trie large
discrete ring there (Fig. 8). These stresses exceed the ulti-
mate stresses in the material, which is aluminum, so that
considerable plastic flow occurs prior to buckling at this point.
The maximum stresses corresponding to "cold skin, hot rings"
(skin at ambient, rings at 330°F above ambient) are some-
what higher than those corresponding to "heated skin, cold
rings," since the maximum stresses due to the applied pressure
have the same sign in the former case and opposite sign in the
latter.

Table 3 gives buckling pressures in psi for both "simplified"
and "actual" models shown in Fig. 8. The circumferential
wave numbers are given in parentheses. The large differences
between the buckling loads for the simplified end A-A and
the actual end A-A are presumably due to the positive curva-
ture at the end in the latter case, which serves to increase
locally the effective moment of inertia of the skin. The
model was changed from "simplified" to "actual" during the

-80000
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Fig. 9 Meridional stresses in ring-stiffened conical shell
submitted to 30 psi external pressure; temperature differ-

ence between shell and rings = 300 °F.

course of this investigation because the predicted buckling
pressure of 44.0 psi (simplified model) with no thermal effects
is considerably lower than the pressure applied to the test
specimen in the initial phase of the experiment. Both models
are shown here in order to demonstrate the sensitivity of the
n = 2 buckling pressure to small changes in geometry.

Several cases are shown in Table 3. There are two minima
with circumferential wave number n, one at n = 2 and one at
n = 6. Typical buckling modes corresponding to these two
values of n are shown in Fig. 10. The n = 2 modes cor-
respond to general instability of the entire structure. The
n = 6 mode corresponds to buckling of Segments 3 and 4
(Fig. 8). The omission of the four equally spaced meridional
stiffeners in the model of Segments 5 and 6 is justified since
the n = 2 mode has four w nodes and the n = 6 mode does not
involve these segments.

The lowest buckling pressure yet predicted for the un-
damaged model with the "actual" end A-A is 58.08 psi, still
above the experimental value of 35 psi. This case is the same
as the third case in Table 3 except that a temperature gradient
along the reference surface was assumed in Segment 6, tem-
perature increasing toward the large end of the shell. This
gradient has the effect of deforming Segment 6 in such a way

• 40
~ inches

Fig. 10 Buckling modes for n = 6 and n = 2 circumfer-
ential waves for ring-stiffened conical shell shown in Fig. 8.
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Fig. 11 Buckling mode for n = 2 circumferential waves
corresponding to shell which is torn between Segments 2

and 3; pcr = 18.4 psi.

as to reduce its meridional curvature, thereby making it re-
semble more closely the "simplified" model of the view A-A in
Fig. 8. It is seen that the calculated buckling pressures for
the n = 2 buckling mode are very sensitive to temperature
distribution and geometry of the end A-A of the shell.

It appears that the experimental buckling pressure of 35 psi
cannot be predicted'unless one assumed that the structure
was damaged during the prebuckling deformations. That
some plastic flow occurred near the beginning of Segment 3
is clear from the high meridional stresses there shown in Fig. 9.
If one assumes that the shell tears at this point, so that the
buckling displacements u, v, and w and rotation x need no
longer be continuous, one obtains a buckling load of 18.4
psi with two circumferential waves. Figure 11 shows the
mode shape.
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